The main result in this paper is the following linearization theorem. For each open set U in a complex Banach space E , there is a complex Banach space G°°(Í7) and a bounded holomorphic mapping gv: U -► G°°(U) with the following universal property: For each complex Banach space F and each bounded holomorphic mapping /: U -> F , there is a unique continuous linear operator T,\ G°°(U) -» F such that T, o gv = f. The correspondence / -► Tr is an isometric isomorphism between the space H°°(U; F) of all bounded holomorphic mappings from U into F , and the space L(G°°(U); F) of all continuous linear operators from G°°(U) into F. These properties characterize G°°(U) uniquely up to an isometric isomorphism. The rest of the paper is devoted to the study of some aspects of the interplay between the spaces H°°(U;F) and L(G°°(U) ; F). This paper consists of five sections. In §1 we establish our notation and terminology. In §2 we prove the aforementioned linearization theorem. In §3 we translate certain properties of a mapping / e H°°(U ; F) into properties of the corresponding operator T, £ L(G°°(U) ; F). We show, for instance, that / has a relatively compact range if and only if 7\ is a compact operator.
the Space 77°° (A) has the approximation property, where A denotes the open unit disc, this result may be of some use in this connection.
I wish to thank Raymundo Alencar, Mario C. Matos and Joäo B. Prolla for some helpful discussions while this paper was being prepared.
Notation and terminology
Throughout this paper the symbols R and C represent the field of all real numbers and the field of all complex numbers, respectively. The set of all positive integers is denoted by N, whereas the set N U {0} is denoted by N0 .
The letters E and F always represent complex Banach spaces. The letter U denotes a nonvoid open subset of E, whereas the symbol UE represents the open unit ball of E .
L(E; F) denotes the vector space of all continuous linear operators from E into F . Unless stated otherwise, L(E ; F) is endowed with its natural norm topology. We write É instead of L(7i ; C) for the dual of E.
P(E; F) denotes the vector space of all continuous polynomials from E into F . For each m £ N0, P(mE ; F) denotes the subspace of all w-homogeneous members of P(E; F). Unless stated otherwise, P(mE; F) is endowed with its natural norm topology. When F = C we write P(E) instead of P(E; C), and P(mE) instead of P(mE;C).
H(U; F) denotes the vector space of all holomorphic mappings from U into 7^, and H°°(U; F) denotes the subspace of all bounded members of H(U ; F). Unless stated otherwise, 77°°(fJ ; F) is endowed with the sup norm topology. When F = Cwe write H(U) instead of H(U;C), and 77°°(Í7) instead of H°°(U;C).
For each fi £ H(U ; F), a£U and m £ N0 , Pmf(a) £ P(mE ; F) denotes the wth term of the Taylor series of / at a .
If AT is a locally convex space, then X'b (resp. X'c ) denotes the dual x' of X, endowed with the topology of uniform convergence on the bounded (resp. compact) subsets of X.
If Z is a topological space, then C(X ; F) denotes the vector space of all continuous mappings from X into F , and tc denotes the compact-open topology on C(X ; F), or on any subset of C(X ; F).
We refer to the books of S. Dineen [6] or the author [ 13] for the properties of polynomials and holomorphic mappings on infinite-dimensional spaces; to the book of J. Lindenstrauss and L. Tzafriri [10] for the theory of Banach spaces; and to the books of J. Horváth [9] or H. H. Schaefer [16] for the theory of topological vector spaces.
Linearization of bounded holomorphic mappings
Let U be an open subset of a Banach space E. As pointed out in S. Dineen's book [6, p. 417 ], a theorem of K. F. Ng [14] yields a Banach space G°°(U) whose dual is isometrically isomorphic to 77°°(U). A refinement of this idea leads to the linearization theorem announced in the abstract.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use 2.1. Theorem. Let U be an open subset of a Banach space E. Then there are a Banach space G°°(U) and a mapping gv £ H°°(U; G°°(U)) with the following universal property: For each Banach space F and each mapping fi £ H°°(U; F), there is a unique operator Tf £ L(G°°(U) ; F) such that Tfogv = f. The correspondence
is an isometric isomorphism. These properties characterize G°°(U) uniquely up to an isometric isomorphism. Proof. Let Bv denote the closed unit ball of H°°(U). By the Ascoli theorem Bu is a compact subset of H°°(U) for the compact-open topology xc. Let G°°(U) denote the closed subspace of all linear functional u £ H°°(U)' such that u\(Bv, xf) is continuous. Let
denote the evaluation mapping, that is, f(u) = u(f) for every / e 77°°(C/) and u £ G°°(U). By the Ng theorem [14] , Jv is an isometric isomorphism. Let
denote the evaluation mapping, that is, Sx(f) = fi(x) for every x £ U and fi£Hco(U). Since
for every x £ U and / £ H°°(U), we see that gv is weakly holomorphic, and therefore holomorphic (see [13, p. 65, Theorem 8.12] ). Since \\6X\\ = 1 for every x £ U, we conclude that gv £ H°°(U ; G°°(U)). Let indicate polars with respect to the dual system (G°°(U), G°°(U)'). We claim that the closed unit ball JU(BU) of G°°(U) coincides with the closed, convex, balanced hull Tgv(U) of gv(U). In particular, gv(U) generates a dense subspace of G°°(U). Indeed, since Jv maps H°°(U) onto G°°(U)', one can readily check that Ju(Bu) = gu(U)°, and therefore Ju(Bu)° = gu(U)00 = Tgu(U), by the bipolar theorem, as asserted.
We claim that the pair (G°°(U), gv) has the required universal property. If / £ H°°(U), then we define T{ -Jvf £ G°°iU)' and the desired conclusion follows from (2.1). If f £ H°°(U; F), then we define Tf:G°°(U)^ F" by (Tfu)(ip) = u(y/o f), for every u £ G°°(l7) and ip £ F'. Clearly Tf £ L(G°°(U) ; F") and \\Tf\\ =' 11/11. Furthermore,
for every x £ U and \p £ F', and therefore Trôx = fi(x) £ F for every x £ U. Since the evaluations ôx , with x £ U, generate a dense subspace of G°°(U), it follows that Tj-£ L(G°°(U); F). The uniqueness of Tf follows also from the fact that gv(U) generates a dense subspace of G°°(U).
Finally, the uniqueness of G°°(U) up to an isometric isomorphism follows from the universal property, together with the isometry \\Tf\\ = ||/||. This completes the proof.
2.2. Remark. In the proof of Theorem 2.1 we have shown that the closed unit ball of G°°(U) coincides with rgv(U). The same proof shows that the closed unit ball of G°°(U) coincides with Tgv(D) for each dense subset D of U. This shows in particular that G°°(l7) is separable whenever E is separable, a result noticed already by J. M. Ansemil and S. Dineen [1] .
2.3. Proposition. Let E be a Banach space.
(a) If U is a bounded open set in E, then E is topologically isomorphic to a complemented subspace of G°°(U).
(b) If U is the open unit ball of E, then E is isometrically isomorphic to a I-complemented subspace of G°°(U). Proof, (a) By Theorem 2.1 there exists T £ L(G°°(U);E) such that To gv(x) = x for every x £ U. Fix a £ U and let S = Pxgv(a) £L(E; G°°(U)). Given t £ E, choose r > 0 such that a + Ct £ U for all CeC with |£ | < r. By the Cauchy integral formula 2m Jm=r tf and therefore ToS(t) = ^-[ a-±^dl = t.
(b) If U is the open unit ball of E, then it follows from Theorem 2.1 that ||r|| = 1. If we take a = 0 in (a) then it follows from the Cauchy integral formula that ||5|| < 1 . Hence ||<|| = ||roS(/)||<||S(0ll<||/||, for every t £ E, and thus S is an isometry.
By following the pattern of the proof of Theorem 2.1, we can also prove the following result, which has been previously obtained by R. Ryan [15] by using tensor product methods.
2.4. Theorem [15] . Let E be a Banach space and let m £ N. Then there are a Banach space Q(mE) and a polynomial qm £ P(mE; Q(mE)) with the following universal property: For each Banach space F and each polynomial P e P(mE ; F), there is a unique operator Tp £ L(Q(mE) ; F) such that Tpoqm = P.
The correspondence
is an isometric isomorphism. These properties characterize Q(mE) uniquely up to an isometric isomorphism.
2.5. Remarks. Our proof of Theorem 2.4 yields also the following facts: (a) If Bm denotes the closed unit ball of P(mE), then Q(mE) is the closed subspace of all u £ P(mE)' such that u\(Bm, xf) is continuous.
(b) qm: x £ E -, âx £ Q(mE) is the evaluation mapping, that is, SX(P) = P(x) for every x £ E and P £ P(mE).
(c) The closed unit ball of Q(mE) coincides with the closed, convex, balanced hull Tqm(UE) of qm(UE). In particular, qm(UE) generates a dense subspace of Q(mE).
We end this section with the following result, which shows the connection between the spaces Q(mE) and G°°(U). Since qm(E) generates a dense subspace of Q(mE), it follows that TmoSm(u) = u for every u £ Q(mE).
(b) If U is the open unit ball of E, then the norm of qm in H°°(U; Q(mE)) equals one, and hence ||rm|| = 1 . If we take a = 0 in (a) then it follows from the Cauchy integral formula that the norm of Pmgu(0) in P(mE; G°°(U)) is not greater than one, and hence \\Sm\\ < 1. Hence M = \\TmoSm(u)\\<\\Sm(u)\\<\\u\\, for every u £ Q(mE), and thus Sm is an isometry.
Observe that Q( E) is isometrically isomorphic to E, and hence Proposition 2.6 includes Proposition 2.3 as a special case.
Holomorphic mappings with a relatively compact range
In this section we translate certain properties of a mapping / 6 77°°({7 ; F) into properties of the corresponding operator Tf £ L(G°°(U) ; F).
If X is a set and 7 is a vector space, then a mapping /: X -, Y is said to have finite rank if the subspace N of Y generated by f(X) is finite dimensional. In that case we define the rank of / to be the dimension of N.
Observe that the subspace of all finite rank mappings / e H°°(U; F) can be canonically identified with H°°(U) <8> F, and likewise for other spaces of mappings.
Let Pf(mE; F) denote the subspace of all P £ P(mE; F) of the form Fix) = £7=W*)rfy, with <t>j € E' and bj £ F. Let PfiE;F) denote the algebraic direct sum of the spaces Pf(mE ; F), with m £ N0 . The members of PAE ; F) are called continuous polynomials of finite type. Observe that each P £ PAE; F) has finite rank.
As an immediate consequence of Theorems 2.1 and 2.4 we get the following result.
3.1. Proposition. Let E and F be Banach spaces, let U be an open set in E, and let m £ N.
(a) A mapping fi £ H°°(U; F) has finite rank if and only if the corresponding operator T, 6 L(Goc(U) ; F) has finite rank. In that case rank/ = rank T..
(b) A polynomial P £ P(mE ; F) has finite rank if and only if the corresponding operator Tp £ L(Q(mE) ; F) has finite rank. In that case rank P = rank Tp .
By a result of K. Floret [7] , the operators of rank < n in L(G°°(U); F) form a closed subset of L(G°°(U) ; F). Whence it follows that the mappings of rank < n in H°°(U ; F) form a closed subset of H°°(U ; F). These results are true, not only for the norm topology, but for other suitable topologies as well. A. Chiacchio et al. [3] have used these results to prove that if F is a dual Banach space, then the mappings of rank < n in H°°(U; F) form a proximinal subset of l°°(U ; F), the space of all bounded mappings from U into F.
Following R. Aron and M. Schottenloher [2] , and R. Ryan [15] , respectively, we say that a mapping fi £ H(U ; F) is compact (resp. weakly compact) if each x £ U has a neighborhood Vx c U suchthat f(Vf) is relatively compact (resp. relatively weakly compact) in F . After examining the proofs of [2, Proposition 3.4 and 15, Proposition 4.5], we see that if U is connected, then / £ H(U ; F) is compact (resp. weakly compact) if and only if there is a nonvoid open set V c U such that fi(V) is relatively compact (resp. relatively weakly compact) in F . Let Hk(U ; F) (resp. Hwk(U ; F)) denote the subspace of all compact (resp. weakly compact) members of H(U ; F). We also write and !ÇKiU;F)ïlÇkiU;F).
3.3. Example. Let E be a reflexive, infinite-dimensional Banach space, let U be a bounded, open subset of E, and let f(x) = x for every x £ U. Then it is clear that / £ H^K(U ; E) and / $ H%°(U ; E). This example shows that in general H™(U; F) jt H™K(U ; F) and H~(U; F) ¿ H™k(U ; F).
3.4. Proposition. Let E and F be Banach spaces, let U be an open set in E, and let m £ N.
(a) [15] A polynomial P £ P(mE; F) is compact (resp. weakly compact) if and only if the corresponding operator Tp £ L(Q(mE) ; F) is compact (resp. weakly compact).
(b) A mapping fi £ H°°(U; F) has a relatively compact range (resp. relatively weakly compact range) if and only if the corresponding operator Tf £ L(G°°(U) ; F) is compact (resp. weakly compact). is an isometric isomorphism. In the next section we shall determine when the space G°°(U) has the approximation property, and for that purpose it will be useful to have a seminorm description of the unique locally convex topology x on H°°(U;F) such that the mapping fi£(H°°(U;F);xY) -> 7) € (L(G°°(U) ; F), xf is a topological isomorphism.
The corresponding problem for the space P(mE; F) has already been solved by R. Ryan [15] . His result is essentially the following.
4.1. Theorem [15] . Let E and F be Banach spaces, and let m £ N. Then the mapping P £ (P(mE ; F), xf) ^Tp£ (L(Q(mE) ; F), xf is a topological isomorphism. R. Ryan [15] obtained Theorem 4.1 by using tensor product methods. We next give an alternative proof of Theorem 4.1, which will suggest how to tackle the corresponding problem for H°°(U ; F). The key tool in our proof of Ryan's theorem is the following result, established in [11] , and which may be regarded as a generalization of the classical Banach-Dieudonné theorem.
4.2. Theorem [11] . Let E be a Banach space and let m £ N. Then xc is the finest topology on P(mE) which coincides with xc on each norm bounded subset of P(mE).
With the aid of Theorem 4.2 we can prove the following results which is also due to R. Ryan [15] .
4.3. Proposition [15] . Let E be a Banach space, and let m £ N. Then: Motivated by Theorem 4.2 and by the definition of G°°(U) we introduce the following auxiliary topology. Let xbc denote the finest locally convex topology on H°°(U) which coincides with xc on Bv, or equivalently, on each scalar multiple of Bv. Clearly xbc exists: the convex, balanced sets N c H°°(U) such that N n XBV is a O-neighborhood in (XBV , xf for every X > 0, form a O-neighborhood base for xbc. We shall refer to xbc as the topology of bounded compact convergence. We shall prove the following theorem. Let ßj = mfäA for every je N. Then p(P) = supj \\P(ß.xA)\\ for every P £ P(mE ; F), and thus p \ P(mE ; F) is rc-continuous.
From Theorem 4.8 and Proposition 4.9 we get at once the following corollary. to each norm bounded subset of H°°(U ; F) is continuous.
We should remark that assertion (a) in Corollary 4.10 is indeed obvious, whereas assertion (b) is not obvious, but can be proved directly after Theorem 2.1, without recourse to the topologies xbc or x .
We end this section with an explicit description of the dual of the space (H°°(U;F),xy). 
7=1
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Proof. By Propositions 4.7 and 4.9, G°°(U) = (H°°(U), xf'. Thus it suffices to apply Theorem 4.11.
The approximation property
In this section we give necessary and sufficient conditions for the spaces G°°(U) and H°°(U) to have the approximation property. These are holomorphic analogues of classical results of A. Grothendieck [8, pp. 164-167, Propositions 35 and 36] (see also [10, pp. 32-33, Theorems l.e.4 and l.e.5]), which will be used without further reference. Our results in this section complement results of R. Aron and M. Schottenloher [2] .
We begin with some auxiliary results. The first assertion in (c) follows from (b) and the facts that Km(t) > 0 for every t and £ f*nKm(t)dt = 1 (see [17, p. 45] ). Finally, the second assertion in (c) follows from (a) and Proposition 4.9.
The following lemma is well known, and is easy to prove anyway.
5.3. Lemma. If E is a Banach space with the approximation property, then PAmE; F) is xc-densein P(mE; F) for each Banach space F and each meN. Proof. G°° ( U)' has the approximation property if and only if, for each Banach space F, G°°(U)' ® F is norm-dense in Lk(G°°(U); F). Thus the desired conclusion follows from Propositions 3.1 and 3.4, and Theorem 2.1.
Since it is still unknown whether 77°° (A) has the approximation property, Proposition 5.6 may be of some use in this connection.
We next state two results on the metric approximation property, which are parallel to Theorem 5.4 and Corollary 5.5. We should remark that the proof of Proposition 5.7 requires much less machinery than the proof of Theorem 5.4. Indeed, the proof of Theorem 5.4 relies heavily on Theorem 4.8, which was the ultimate goal of §4, whereas the proof of Proposition 5.7 relies only on Corollary 4.10, which, as we have remarked already, can be proved directly after Theorem 2.1, without recourse to the topologies xbc or x .
One can show that if a Banach space E has the A-bounded approximation property for some X > 1, then Q(mE) has the ¿^-bounded approximation property for each meN. However, I have been unable to solve the following problem. Banach space E is isometrically isomorphic to a complemented subspace of a suitable uniform algebra. Indeed, by applying Proposition 2.3 to the dual of E , taking dual mappings, and restricting to E, one immediately recovers Milne's result.
